Dynamic behavior of a variable stroke swash plate mechanism is analytically and numerically investigated. Deriving a simple degree of freedom model, we propose a dimensionless arm length to characterize dynamic stabilities of the swash plate angle. We then make a comparison between two types of constraints of the swash plate: one fixating the plate with the swing component and the other linking it with the followers in a frictionless manner. It is numerically shown that the fixed-type constraint improves the stabilities of the mechanism while the frictionless-type constraint makes the mechanism destabilized. An equivalent design technique is also proposed to convert optimal specifications between the different types of the constraints.
Introduction
Variable stroke swash plate mechanisms provide a key technology of controlling flows or pressures of axial piston compressors that can vary its displacement by changing the swash plate angle. Zeiger and Akers (1) derived linearized equations of the system's state of a variable displacement swash plate axial piston pump to evaluate the torque on the swash plate about its pivot. A closed-form expression of the dynamic equations was developed by Manring and Johnson (2) to provide several simple equations for designing the control gain of the pump.
Zhang et al. (3) improved the model to represent the damping mechanism of the swash plate angle analytically. Tain et al. (4) developed the steady-state mathematical model of the variable displacement swash plate compressor by combining the force balance equation and the mass and energy conservation equation. It seems that main interest of these studies was in performance control of the compressors. Since their models are linearized or simplified, they are not suitable for understanding nonlinear dynamics of the mechanisms such as geometric nonlinearity generated by rigid rotors. In this paper, we investigate the nonlinear dynamics of the variable stroke swash plate mechanism regarding it as a rigid rotor. We derive a simple degree of freedom model of the swash plate angle to consider two types of constraints of the swash plate. We characterize constraint-induced dynamic instability arising in the swash plate mechanism through the use of bifurcation diagrams. Figure 1 shows a sketch of variable stroke swash plate mechanisms. The input shaft rotates about z-axis together with the rotation component. The swing component can swing at the pivot A in the plane containing z-axis. The swing component has the spin axis at C which supports the swash plate. In practical situations, it is possible to suppose two types of the support between the spin axis and swash plate: fasteners (keys or splines) and bearings (including bushes). The swash plate angled, subjected to the rotation input, slips on the shoes with some friction to produce reciprocal motions of the followers and pistons. The bias spring mechanically or mechatronically maintains the equilibrium position of the swash plate angle with designed stiffness. In the variable stroke mechanism we consider, it is possible to change the equilibrium position in operation.
Kinematics
In order to describe the geometry of this mechanism, Fig. 2 shows the free-body diagram of the swash plate. We first lay the disk horizontally, putting the pivot (denoted as A) along y-axis. From this initial configuration, the swash plate (disk) spins along z-axis over the angle ψ, then swings along x-axis over the angle θ, and finally rotates along z-axis over the angle φ. The cum follower (denoted as P) is linked with the swash plate and can move along vertical line placed at (r, α) by polar coordinate system in the xy-plane. We regard the three angles (φ, θ, ψ) as the generalized coordinates of our problem.
In what follows, we refer to φ as in input shaft angle, θ as a swash plate angle, and ψ as a spin angle. Unit vectors along x, y, and z-axis are denoted as i, j, k respectively. Furthermore, rotational transformations along x and z-axis are represented as R x (·) and R z (·) respectively, and E denotes the identical transformation.
Swash plate kinematics
From Fig. 2 , the position vector X G of the center-of-mass G of the swing component supporting the swash plate is expressed as and the angular velocity of the swash plate is of the form:
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From these vectors, the total kinetic energy of the swash plate component is obtained as follows.
where m G is a mass of the swing component and J = diag{J 1 , J 1 , J 3 } is a inertia tensor of the swash plate with respect to the initial configuration (φ, θ, ψ) = 0. We assume J = ρ diag{1, 1, 2} regarding that the thickness of the swash plate is neglectable. It is convenient to note that the three angles (φ, θ, ψ) representing the angular position of the swash plate can be regarded as a version of the ZXZ Euler angles, a combination of z-and x-axis rotations, which is R z (φ)R x (−θ)R z (ψ) in our case.
Cum follower kinematics
We make the following assumptions about the cum follower kinematics: (H1) The distance between the rotation axis (z-axis) and the cum follower axis (parallel to z-axis) is identical to r.
(H2) The cum follower is at bottom dead center when the pivot (A) crossing the cum follower axis.
Then, the center-of-mass vector of the i-th cum follower can be written as
where n = (n 1 , n 2 , n 3 ) = (− sin φ sin θ, cos φ sin θ, cos θ) is a normal vector of the swash plate, α i is a position angle of the ith cum follower, and h is a position of the bottom dead center of the cum followers. Assuming the cum follower axes being placed uniformly, we have
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where n is the number of the cum followers. Therefore, the total kinetic energy of the n cum followers is obtained as
where m P is the mass of the cum follower.
External forcing
We model the external components outside of the swash plate cum mechanism as the n external forces F 1 , F 2 , · · · , F n ∈ R parallel to the z-axis where the ith force F i is applied to the ith cum follower. The generalized forces of our problem are thus expressed as
In practice, the external force F i would be piston pressures in the application of variable displacement swash plate compressors for automotive air conditioning system.
Analytical Model

Equation of motion (EOM)
From Eqs. (3) and (6), the Lagrange function L of the variable stroke swash plate cum mechanism with the cum followers is obtained as
From Eqs. (7) and (8), the EOM of the mechanism is derived as
where
Reduced order model
Suppose that the input angle φ does not depends on the other state variables of the mechanism. We make the following assumptions independent to the swash plate angle θ:
(H3) The input shaft velocityφ is given by some known functionφ = ω(t).
(H4) The spin velocityψ can be expressed asψ = −δφ (δ = 0, 1) corresponding to two types of constraints being imposed on the spin angle.
For example, the condition δ = 0 models keys or splines placed between the spin axis and swash plate at C in Fig. 1 while the condition δ = 1 models bearings. The condition δ = 0 means that the swash plate disk is fixed to the swing component, in other words, there is no relative motion between the disk and the swing component. On the other hand, the condition δ = 1 means that the swash plate disk can not spin around z-axis, and the disk is linked with
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Vol. 2, No.2, 2008 the cum follower components while it can slip around the input shaft in a frictionless manner. Firstly, substituting (H3) into (H4), we havė φ = ω(t),ψ = −δω(t),φ =ω(t),ψ = −δω(t), so that the dynamics of φ and ψ is given by a known function ω(t) and its derivative. Then, multiplying the EOM (9) by the inverse of the inertia matrix, we can reduce the EOM (9) into the following form:
In this equation, it is possible to ignore the first and the third rows because (φ,ψ) have already been given by the known function (ω(t), −δω(t)). We thus obtain a simple degree of freedom EOM of the form:
Adding the linear damping force cθ and the linear bias spring force k(θ −θ) to the expression above, we obtain the reduced-order model of the variable stroke swash plate cum mechanism:
whereθ is the static equilibrium of the swash plate angle. In modern applications, the bias spring force is often achieved by combination of mechanical springs and mechatronic controllers by which the equilibriumθ and the stiffness k are automatically controlled.
Stability of Free Motion
It is clearly seen from Eq. (10) that the swash plate mechanism is basically expressed by nonlinear differential equations due to geometric and kinematic nonlinearities of the mechanism. From this reason, in the previous studies (1) - (4) , the original equations of motion of the mechanism are linearized or simplified because they prefer simpler dynamic models to investigate effects of the external forcing F θ in detail where the forcing is expected to represent the piston pressures of the swash plate compressors and so on. Thus, it seems that dynamical effects of the nonlinearity have not been fully understood yet. As another approach to the simplification, in this paper, we ignore effects of the cum followers (or pistons) to maintain the geometric and kinematic nonlinearity of the mechanism. This simplification enables us to explore the fundamental nature of three dimensional motions of the swash plate mechanism. Supposing that M P (θ) = F θ = 0 to remove the dynamic effects of the cum followers, we obtain a simpler expression of the free motion of the swash plate mechanism in the following form:
Dimensionless arm length
A dimensionless form of Eq. (11) provides a useful criterion for equivalent design of the variable stroke swash plate mechanism having different constraints. Applying the time scale transformation t → νt, and dividing by Aν 2 , Eq. (11) is rewritten as
Then, choosing the time scale ν satisfying Aν 2 = B + δJ 3 and putting we have the dimensionless form of Eq. (11):
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We refer to the dimensionless parameters C δ , K δ , Λ δ as a dimensionless damping, spring stiffness, and arm length, respectively. The dimensionless arm length (DAL) Λ δ governs stability of the unperturbed trivial solution of the swash plate dynamics (13). To see that, substituting the unperturbed condition c = k = 0 and its trivial solution θ = 0 into the first variation equation of Eq. (13) given bÿ
where ξ is a variation of θ, then we haveξ + ω 2 Λ δ − 1 ξ = 0. This proves the following proposition.
• The unperturbed trivial solution θ = 0 of the dimensionless EOM (13) is stable if Λ δ > 1 and is unstable if Λ δ < 1. This proposition holds even in the perturbed case c, k 0 near θ = 0 when the input angular velocity ω is sufficiently large.
It is worth noting that the dimensionless form (13) coincides with the point-mass approximation (ρ = 0) of (11) with the unit mass and radius (m G = r = 1), given bÿ
This means that all the changes in physical dimensions of the swash plate mechanism including the types of constraints are renormalized into the point-mass approximated coefficients:
. Figure 3 shows a renormalized version of the swash plate model, representing the dimensionless EOM (13). This renormalized model consists of the unit mass and the unit radius where all the other effects such as the physical mass m G , the moment of inertia ρ, and the constraint type δ are represented as the dimension arm length Λ δ . From this, a dynamical explanation of Λ δ can easily be obtained as follows. The unperturbed trivial solution of the mechanism is stabilized by the centrifugal force when the renormalized arm length Λ δ overhangs beyond the unit radius while it is destabilized by the centrifugal force in the opposite direction when the arm length Λ δ does not overhang the input shaft axis (z-axis)
Constraint-induced instability of the swash plate mechanism
The simplest application of the DAL Λ δ is characterizing how the dynamic stability of the mechanism depends on the constraint parameter δ. For simplicity, we regard the pointmass approximation (14) under the unperturbed assumption k = c = 0 with the unit mass and
Journal of System Design and Dynamics
Vol.2, No. 2, 2008 radius (m G = r = 1) as a reference model. The reference model has a neutrally stable trivial solution at θ = 0 when the physical arm length l is designed to coincide with the physical radius r (as discussed in section 4.1). In this unperturbed case, the DAL equals unity:
Under the same geometric setup, restoring the volume of the rigid body ρ 0, we can show that the constraint parameter δ = 0, 1 changes the stability of the trivial solution θ = 0. Provided δ = 0, i.e. the swash plate disk is fixed with the swing component (drawn as AB in Fig. 2) , we have the DAL greater than unity:
This means that restoring the volume of the reference model with the fixed constraint increases the DAL to improve the stability of the trivial solution. On the other hand, the frictionless constraint δ = 1 between the swash plate disk and the swing component results in
This means that restoring the volume with the frictionless constraint decreases the DAL to destabilize the trivial solution.
From these results, it is clearly shown that the geometric design l/r = 1 does not match the dynamic design Λ δ = 1. This implies that there are multiple geometric designs dynamically equivalent to each other. For example, it is possible to derive a dynamically equivalent design between the two constraints mentioned above. In practice, an unknown physical arm length, say l δ , can be determined from a given specification Λ δ =Λ. Solving the relation:
we have the following formula:
which enables us to determine the physical arm length l δ satisfying the specificationΛ. Table 1 summarizes specifications typical of the variable displacement swash plate compressors for automotive air conditioning system of the maximal displacement about 150 cc/rev. We empirically select the other parameters c = 0.2, k = 2. We also assume ω = 800 rpm in constant case. We refer to the ratio λ := l/r as a geometric ratio of the mechanism in what follows. Under these conditions and the point-mass approximation ρ = 0 where δ has no effect, Fig. 4 shows the unperturbed bifurcation diagram of the swash plate angle θ with respect to the geometric ratio λ without the bias spring k = 0. In this case, the geometric ratio λ = 1 corresponds to Λ δ = 1 and produces the neutrally stable equilibrium at θ = 0 as already proven by Eq. (15). It is clear from Fig. 4 that the unperturbed trivial solution θ = 0 undergoes the subcritical pitchfork bifurcation occurring at λ = 1. Figure 5 shows that as restoring the rigid body volume to ρ = 1.5 × 10 −4 kgm 2 under the fixed constraint δ = 0, the pitchfork bifurcation point shifts to the left-hand side and the second subcritical pitchfork bifurcation occurs at left-hand side of the first point. This means that the neutrally stable solution θ = 0 under the geometry λ = 1 is stabilized by the fixed constraint δ = 0 and consequently by the larger DAL Λ 0 > 1 as discussed in Eq. (16). It can be clarified easily that Λ 0 is less than unity between the bifurcation points at λ ≈ 0.429, 0.572 and it takes the minimal value at λ ≈ 0.495 which is represented as unstable dotted line segment between the bifurcation points. It is noteworthy in Fig. 5 that the stable branch (solid line) of the trivial solution θ = 0 is divided near λ = 0.5 into two segments. One explanation is that the θ-component of the centrifugal force acting on the swash plate changes its sign as λ varies because this force is proportional to λ(1 − λ cos θ) sin θ, a quadratic function of λ, which can be negative and positive.
Bifurcation diagram
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On the other hand, as shown in Fig. 6 , under the frictionless constraint δ = 1, the bifurcation point shifts in the opposite direction. Consequently, the neutrally stable solution θ = 0 under the geometry λ = 1 is destabilized by the frictionless constraint resulting in the smaller DAL Λ 1 < 1 as discussed in Eq. (17).
These bifurcation diagrams provide detailed explanation of the presence of constraintinduced stability and instability of the swash plate mechanism. It is shown that the neutrally stable solution θ = 0 under the geometry λ = 1 is stabilized by the fixed constraint δ = 0 while it is destabilized by the frictionless constraint δ = 1.
In industrial applications, however, some bias restoring force on θ (represented as k 0 in our case) must be applied in order to maintain the designed or controlled swash plate angle θ (or stroke). Such a restoring force would be generated by mechanical springs or certain feedback controllers. In such a case, the pitchfork bifurcations observed above will be perturbed to saddle node bifurcations. In practice, Fig. 7 shows the simplest example of how the pitchfork bifurcation in Fig. 4 is perturbed simply by adding the bias spring of k = 2, θ = π/9.
Figures 8 and 9 represent the more general condition where the system for λ = 0.9 is perturbed by both the nonzero volume of ρ = 1.5 × 10 −4 and the bias spring of k = 2,θ = π/9.
The diagrams are plotted with respect to the input angular velocity ω in these cases. Figure 8 shows the result for the fixed constraint δ = 0 and Fig. 9 for the frictionless constraint δ = 1 respectively. It is worth noting that in practical situations, the displacement of the swash plate angle θ is limited from θ = 0 to less than about π/6 rad (= 30 deg) so that it is enough to focus on the branches near θ = 0 from the engineering viewpoint. This implies that even in these general situations, it can still be concluded that the constraint-induced instability may arise though it appears only at high speed region ω > 609 rpm. In practice, it is clear from Figs. 8 and 9 that the stable equilibrium near θ = 0 for the fixed constraint (δ = 0) vanishes at the high speed region as the constraint changes from the fixed type δ = 0 to the frictionless type δ = 1.
One explanation of this change of stability due to the constraint type δ is that the swash plate under the fixed constraint δ = 0 spins around z-axis with gyroscopic effects while under frictionless constraint δ = 1, the gyroscopic effects vanish because no spin motion is generated by the swash plate; it only vibrates about x-and y-axis.
Conclusion
The nonlinear equation of motion of the variable stroke swash plate mechanism has been derived to obtain the simple degree of freedom model describing the geometric and kinematic nonlinear motion of the swash plate angle θ. To characterize the stabilities of the motion, we have introduced the dimension less arm length (DAL) and investigated the constraint-induced dynamic stability and instability of the mechanism. The obtained results are summarized as follows.
( 1 ) The certain class of the free motion of the mechanism can be renormalized into the
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Vol. 2, No.2, 2008 Fig. 7 Perturbed bifurcation diagram with the bias spring, k = 2 0, with respect to λ under the point-mass approximation ρ = 0 for ω = 800 rpm. The pitchfork bifurcation in Fig. 4 is perturbed to the saddle-node bifurcation. 
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( 2 ) The unperturbed solution is stabilized by the fixed constraint δ = 0 and destabilized by the frictionless constraint δ = 1.
( 3 ) The general perturbed solution at high speed region ω 1 rpm (ω > 609 rpm in Fig. 9 for example) also loses its stabilities as the constraint changes from the fixed type δ = 0 to the frictionless type δ = 1.
( 4 ) The two types of constraints can be dynamically equivalent to each other under the proposed design formula (18).
The above result leads to the conclusion that the dynamics of the variable stroke swash plate mechanism can not be understood without considering the geometric and kinematic nonlinearity generated by rotors with some constraints.
